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In this note we find a generic defining function of projective motion in the 6-dimensional 
rigid /i-space. 



1 Introduction 



> , 

Q^ , In the series of works [Z]~[Z6], we investigate the 6-dimensional pseudo-Riemannian space 

' ^^{9ij) with signature [+ -\ ], which admit projective motions, i.e. continuous 

■ transformation groups preserving geodesies. The general method of determining pseudo- 



Riemannian manifolds that admit some nonhomothetic projective group Gr has been de- 
veloped by A.V.Aminova [A95]. A.V.Aminova has classified all the Lorentzian manifolds 
of dimension > 3 that admit nonhomothetic projective or affine infinitesimal transfor- 
mations. In each case, there were determined the corresponding maximal projective and 



o 

B 

> 

X. 

^ , affine Lie algebras. This problem is not solved for pseudo-Riemannian spaces with ar- 

bitrary signature. In the papers [Z]-"[Z5], we found 6-dimensional rigid /i-spaces of the 
[2211], [321], [33], [411] and [51] types: 
the metric of the /i-space of the [2211] type 



m.dx'dx^ = e2(/4 - f2fnMa - f2){2Adx^dx^ - A^^i{dx^f}+ (1) 
e4(/2 - fAfUMa - h){2Adx'dx'' - A^J:2{dxy} + e„Il[{fi - U){dx'')\ 
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where 

A = ex^ + e{x'^), A = ex^ + u{x'^), (2) 

Si = 2(/4 - /2)-i + Y.if'T - f2)-\ S2 = 2(/2 - ur' + - h)-\ 

/i = /2 = ex^, fs = /a = ex^ + a, e, e = 0, 1, e 7^ e, a is a constant nonzero whenever 
e = 0, /o-(x^), 0(x^), a;(x^) are arbitrary functions, Cj = ±1. 
the metric of the /t-space of the [321] type 

gijdx'dx^ = 63(75 - ex^fife - ex^){{dx'^f + AAdx^dx^+ (3) 
2(ex^ - 2AJ:i)dx'^dx^ + {{ex^f - 4ex^AEi+4A'^J:3){dx^f}+ 
e5{ex^ - /5)'(/6 - m^AdxUx' - J^^A^dx^f} + e^{h - k)\h - h)\dx^)\ 
where 

A = ex^ + e{x^), A = ex'^ + uj{x^), (4) 

Si = (/6 - ex^)-^ + 2(/5 - ex^r\ E2 = (/e - ex^)-^ + 2{h - e^')"', 

2S3 = (Ei)2 - E2, S4 = 3(ex3 - /s)-! + (/e - 

h = f2 = h = ea;^, /4 = /5 = ex^ + a, e{x"'), u{x^), hix^) are arbitrary function, 
e, e = 0, 1, e 7^ e, a is a constant nonzero whenever e = 0, 63, 65, ee = ±1. 
the metric of the /i-space of the [33] type 

Qijdx'dx^ = e^ih - fsfiidx'^f + 4Adx^dx^+ (5) 
2(ex^ - 2AJ:i)dx'^dx^ + ((ex^)^ - 4ex^^Ei + 4A^J:2){dx^f}+ 
e6(/3-/6)^{(dx^)=^+4idx^dx^+2(ex^+2iSi)dx^dxV((ex^)V4ex^iSi+4i2E2(((ix^)^}, 
where 

A = ex'^ + e{x^), A = ex^ + uj{x^), (6) 

Si = 3(/6 - /3)-\ S2 = 3(/6 - /3)-', 

/i = /2 = /3 = ex^, /4 = /5 = /e = ea^^ + a, e, e = 0, 1, e 7^ e, a is a constant nonzero 
whenever e = 0, Cj = ±1, ^(x^), lo{x^) are arbitrary functions, 
the metric of the /i-space of the [411] type 

gijdx'dx^ = e4ll^if„ - ex'^){6Adx^dx* + 2dx^dx^ + 2{2ex^ - ?,AY.i)dx^dx^- (7) 
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Ei{dx^f + 2{ex^ - 2ex'^Y,i)dx^dx'^ + A{{ex'^fT.^ + eVx^ - ^ex^ AT.i){dx'^f}+ 
ZAdx^dx'^ + I2ex'^ A{dx^f + ^e^n'i(/i - U){dx''f, 

c 

where 

A = ex3 + 0(x^), El = (/5 - ex^)-i + (/6 - exV\ (8) 

/i = /2 = /a = /4 = ex^, hix^), feix^), d{x'^) are arbitrary functions, 64,65,66 = ±1, 
e = 0,l 

the metric of the ^-space of the [51] type 

Qijdx'dx^ = e^ife - €x^){8Adx^dx^ + 2dx'^dx'^+ (9) 
2{3ex^ - AAJ:i)dx^dx^ + {dx^f - 2Sidx^da;^ + 2{2ex^ - 3ex^^i)dx^dx^+ 
2(ex^ - 2ex^T,i)dx^dx^ + 4(3/2ex^ex^ + {ex^f - 2exMEi- 
3ex^ex^^i){dx^f} + e6(ex^ - Uf{dx^f, 

where 

yl = ex^ + ^(a;5), Si = (/e - ex^)-\ (10) 
9{x^), feix'^) are arbitrary functions, fi = f2 = h = h = fb = , 65, 66 = ±1, e = 0, 1. 

The defining function of projective motion in the 6-dimensional rigid ^-spaces is 

v = \jZh- (11) 
^ i=i 

In the paper [Z6], we determined conditions of the constant curvature of the 6- 
dimensional rigid /i-spaces: 
for the /i-space of the [2211] type 

Pp- Pap = Pp- Ppq = e = e = {p j^q,p,q = 2, 4,a = 5,6), (12) 

for the ^-space of the [321] type 

f'e = e = ~e = 0, (13) 

for the /i-space of the [33] type 

e = e = 0, (14) 
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for the /i-space of the [411] type 

Pp - Pap = e = 71 = 72 = (a = 5,6,p = 4), (15) 
for the ^-space of the [51] type 

/'6 = e = 0, (16) 
where pp, pcrp, Ppq, 71 and 72 are determined by formulas 

1^ [f'^)\ 1^ _ (/^)^_ , (17) 

4 ^ (/cr ~ /p) 4 ^ (/o- — /p)(/cr ~ fg)9cra 

_i ^ (/;)^ 

4^(^-/4)3ff..' 44^(^-/4)^/ ^ ^ 

The results obtained in the papers [Z]-[Z6] are necessary for investigating properties 
of the defining function of projective motion in the rigid 6-dimensional /i-spaces. 



2 Generic defining function of projective motion 
in the rigid 6-dimensional /i-spaces 

In this section we prove the following theorem that manifestly gives any defining function 
of projective motion. 

Theorem. Any defining function of projective motion in the rigid h-spaces of noncon- 
stant curvature can he presented as (p = a^ip, where ai is a constant and if is determined 
by (11). 

Proof. Suppose we are given with a vector field that gives the projective motion with 
the defining function in the rigid /i-spaces. Then, for the tensor bij = Lgij the following 
Eisenhart equations [E] are fulfilled 

bij,k = '2-gij(l),k + gik^,3 + gjk^,i- (19) 

Their integrability conditions are 

bmiR]ki + bmjRiki = 9ik4>,ji + gjk(p,ii - gH4>,jk - gij(p,ik- (20) 
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Let us show that for any projective motion in the rigid /i-spaces the foUowing conditions 
are satisfied 

ban = 0' = 0' (21) 

a, (3 being indices of vanishing components of the metric gap of the /i-spaces of the [2211], 
[321], [33], [411] and [51] type. 

For the /i-space of the [2211] type, the set {ijkl) = (3112), (3314), {3ala), (1334), 
(1132), (1(73(7). Prom (20), one finds 

^13^112 = -512^,13, &13^314 = -534^,13, haKla = -9aa4>,lZ, (22) 
^'13-^334 = -534^,13, ^13-^132 = -512^,13, ^'l3^a3cT = -5<t(t0,13> (23) 

Prom (22) it follows that 

^'13(X2 - PIa) = hiz{x2 - Pc2) = 0, 

and from (23) 

&13(X4 - P2a) = hiz{Xi - P<7i) = 0- 

If 6i3 7^ 0, then Xp — Pap = (p = 2,4). Since we consider /i-spaces of the nonconstant 
curvature, one necessarily puts 613 = 0, hence ^^13 = 0. Similarly one can get other 
equalities (21). 

In the case of the /i-space of the [321] type, when (ijkl) = (1212), (1415), (1515), 
(1616), (2212), (1123), (2415), (4125), equations (20) leads to the following identities 

^'11-^212 = -922(t>,ii, biiRl23 = biiRl25 = 0> (24) 
6n^ = 611^ = 611^ = 0,11, (25) 

545 555 566 



hence 



eco' 



bn{x3 - Pes) = 6ii(x3 - P53) = bnixs - Pss - — 7-^^ — ) = 0. 

(75 - 73)^555 



If bu 7^ 0, then xs — P63 = Xs ~ P53 = e = 0. Prom this it follows that e = ps — P53 = 0, 
and /g = 0. Therefore, X5 — ^53 = X5 ~ P65 = 7 = 0, this leads to the constant curvature 
/t-space. In such a manner, 611 = (/)^ii = 0. Similarly one can get other equalities (21). 

To prove that bu = (p^u = for the /i-space of the [33] type, set {ijkl) = (1212), 
(1416) and (1516) in (20). Then, one obtains 

611-R212 = -5220,11, buRl^Q = -5460,11, (26) 



b^^^^_3l^) = 0_ (27) 

522 556 

Since R\iq = and g^Q ^ 0, we get 4>^\\ = 0. Then, from (27) it follows that h\\ = 0, 
since -R212 7^ 0- Similarly one can get other equalities (21). 

Putting {ijkl) = (1213), (1313), (lala), (3312), (1314) in the case of the /i-space of the 
[411] type, one gets 

^'11-^213 = -523^,11, &11-R313 = -533'?!',ii, (28) 

hiKla = -9aa^,lU (29) 

&I3-R312 = -5230,13, ^'11-^314 + 613-R114 = -5l4<?!',13 - 534'?!',11- (30) 



Since 



-^213 = -^312 = 523P4, -R114 = 5l4P4, 
-R313 — 533P4 + 71523 + Rcr\a — 9aaP<ji, 

2e 4e^x^ 

-R314 = 534P4 + 71524 + 72514 + ^(^' 



then, from (28) and (29), we have 



^^11(^4 - Po-4) = ?'ii(p4 - Pai + 73— + ttII — ) = 0. 

533 9A^523 

From (29) and (30), one finds 

7 / . 524 . 514 . 2e I 4^2x2 

6ii(P4-P<t4 + 73 +74 + ^-72 1^)) = ^■ 

534 534 3A^534 3 

Let us 6ii ^ 0. Prom the last relations it follows that /94 — po-4 = e = 7i = 72 = 0, 
which are necessary and sufficient conditions of the constant curvature of these ^-spaces, 
therefore, bn = 0, and, hence, (p^n = 0. Similarly one can get other equalities (21). 

Por the /i-space of the [51] type from integrability conditions one can similarly get 
equalities (21). 

Consider equation (19). Putting {ijk) = (Icrcr), (3cr(7), (crrcr), {tgt) {a, t = 5,6,a ^ t) 
for the /i-space of the [2211] type, we determine 

0,1 = 0, 0,3 = 0, (31) 

^,a = KP.r, ^,r = f!rPar, P.r ^ \^-^^^^^^f^ , ^ t) . (32) 

^ It Ja 
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From this it follows that f^(p,T = f'T4>,cr- Therefore, from the condition 4)^crT = 0, one gets 

d^r(t> = 0. (33) 



Using relations obtained from (19) with {ijk) = (lr2), (2rr), (ttt), we find 

^Jr-h Qtt 912 

e , brr bu 



\2 



fr — f2 Qtt 912 



(34) 



(— - — ), (35) 



^ = E - fr)-'^— + H,r. (36) 

9tT ^j^^ 9tT 

From (34) and (35), we have 

2ecj>,r = fr4>,2. (37) 
These relations and conditions (?!),2t = give 

d2r<f> = 0. (38) 

Differentiating (34) w.r.t. x'^ and taking into account (36), one obtains 

f!rdr<l>,r = /^^.r- (39) 

Now, from (19) with (ijk) = (142), (234), one finds 

, e .^34 ^i2x , e 634 612. , . 

^,2 = -f — TV )' = -f — ry )' (^^) 

74 - J2 934 912 h - J2 934 9l2 

hence, e^^4 = e(f)^2 and, since (f)^24 = 0, one obtains ^24^ = 0. 
Assuming (ijk) = (3r4), (4rr) in equation (19), one obtains 

2e>,, = />,4, (41) 

therefore, taking into account ^,4^ = 0, we have d4T-<P = 0. If not all = 0, then, from 
(37), (39) and (41), one finds 

(f>,T = ^oi/r' (f^,2 = aie, 0,4 = aii. (42) 

The first equation of (42) is correct whenever /| = due to relation (34). Integrating 
equation (42), one obtains 

1 ^ 

<t> = -^(^1^ fi = ai'P, h = h = ^x^, h = f4 = ex^ + a, (43) 
^ i=i 
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where if determined by formula (11). If all = 0, then, from (20) with {ijkl) = 
{t2t2), (r4T4), one finds d224> = ^44^ = 0, and, therefore, (43) is correct. 

For the /i-space of the [321] type, putting in equation (19) (ijk) = (166), (266), (466), 
one obtains (p^i = (j)^2 = 4>,A = 0. 

Equation (19) with {ijk) = (163), (366), (666) leads to 

^ J6- J3 566 513 

3 e 666 fei3x 

^ = -/^E(/^-/6)-^-+4<^,6, (46) 
566 ij^Q 9m 

hence 

/6^6<^,6 = /6V,6, (47) 
3€0,6 = /6</',3- (48) 

Since ^,36 = 0, then, from equation (48), it follows that ^36^ = 0. In case of {ijk) = 
(465), (566), from (19) we have 



',6 = 



1 /e ^ ^66 _ bi2 ^ 

2/6-/2 566 512 ' 



(49) 



-^,2 = 7 ^(— - — ), (50) 

je — J2 566 512 

and, therefore, 

2e0,6 = /^</.,2. (51) 
Substituting {ijk) = (345), (513) in (19), one finds 

3 e 645 613 e 645 613 

^ h — h 545 513 h — h 545 513 

therefore, 

3e</.,5 = 2e>,3- (53) 

Prom this relation, taking into account (f)^2,^ = 0, we find ds^cj) = 0- ^ /e 7^ then, 
integrating the equations (47), (48) and (53), one obtains 

1 ^ 

^= o(^i^fi = "i<^' h = f2 = h = ea:^> A = /s = e^:^ + a, (54) 
^ j=i 

where is determined by formula (11). 



8 



On the contrary, from equation (20) with (ijkl) = (3312), (3636), (6565) one can 
obtain 833^ = d^^cf) = which leads to the desired result. 

Prom (19) with (ijk) = (166), (266), (433), (533), (346), (613) in the case of the /i-space 
of the [33] type, one obtains the following relations 

(t>,l = ^,2 = (t>,A = 4>,5 = 0, 

3 e biQ bis I 3 e 646 613 
?',3=97 — )> 9,6 = -^j —)■ 

Hence 

e^,3 = e^,6- (55) 

Therefore, from the condition 0^36 = 0, one obtains ^36^ = 0. If e 7^ 0, then, differentiating 
relation (55) w.r.t. x^, we have (?330 = 0. If e = 0, then e 7^ 0, since we consider the space 
of nonconstant curvature. In case when e = and e 7^ 0, the relation (9330 = follows 
from (20) with (ijkl) = (3312), (3436). Similarly one can get that ^660 = 0. Integrating 
the obtained equations, one finds 

1 ^ 

^ = 9"! ^fi = ^'^^^ h = f2 = h = ^x^, /3 = /4 = /a = + a, (56) 

^ 1=1 

where (p is determined by formula (11). 

For the /i-space of the [411] type from (19) with {ijk) = (Irr), (2rr), (3tt) (t = 5,6), 
one obtains 

</>,! = (1^,2 = 4>,3 = 0. 

For this /i-space relations (32) are also correct. From these it follows that daT<^ = 
(cr, r = 5, 6, cr 7^ r). Using the obtained results, from (19) (ijk) = (1t4), {4tt), {ttt), we 
find 

2 Jt - 74 5rr 514 

JT - J4 Qtt 514 
^ = E Ui - frr'^—+4ct>,r, (59) 



9tt 



hence, 



f!,dr4>,r = fr^,r, (60) 

4e0,, = /;0,4. (61) 
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Using the condition (p^4T- = and relation (61), one gets 54t-0 = 0. If not all /| 7^ 0, then, 
from obtained formulas it follows that 

1 ^ 

7;ai^fi = aiV, h = h = h = fA = ea;^, (62) 
^ 1=1 

where tp is determined by formula (11). In the opposite case, when all = 0, we have 

0,r = 0,14 = 0,23 = 0,24 = 0,rr = 0, 
, 2e^ .hrr &14- 



(— - — ), (63) 

'i^yjr - J A) 

0,44 = ^440 



2e(3^'-2eV) ,6^^ 614, 



3^(/r - /4) 9tt gU 

where e = 1, since when e = = the space is of constant curvature. 
Put {ijkl) = (4413), (4r4T) in equation (20). One finds 

buRli3 + ^24-R1i3 = 5140,34, (64) 
buR^T + b2iRrAT + brrRuT = -fl'Tr0,44. (65) 

Expressing 624 from (64) and substituting the result in (65), taking into account (63), one 
obtains ^440 = coming to the result needed. 

Using equations (19) with (ijk) = (166), (266), (366), (466), (165), (566), (666) in the 
case of the /i-space of the [51] type, one gets 

0,1 = 0,2 = 0,3 = 0,4 = 0, 

, 1 /e ,bQQ 615 5 e 566 &l5^ 

^ 76 — / 5 566 915 ^ /6 — /5 566 5l5 



= -5/6(/5 - /e) h 40,6, 

566 566 



and, hence. 



/6960,6 = /6 0,6, 5e0,6 = /60,5- (67) 

The last equation and the condition 0,56 = lead to 



(68) 



Integrating equations (67) and (68) when /g 7^ 0, one obtains 
1 ^ 

4>= 7;(^i^fi = aif, h = f2 = h = fi = h = ea;^, (69) 



2 .=1 
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where ip is obtained by formula (11). 

In the case of /g = 0, from the formulas obtained we can find 

4>,Q = 0,15 = ?!',24 = 0,25 = 0,33 = 0,34 = 0,35 = 0,66 = 0, 
A 15e^ ^^66 

0,45 = -77-777 ftI ('0) 

16^(/6 - h) 966 915 

0,55 = ^550 7777 ), 

4^(/6 - fb) 966 915 

where e = 1, since we consider the space of nonconstant curvature. 

Prom (20) with (ijkl) = (5514), (5656) and taking into account (19), one obtains the 
equality d^^cj) = 0, which leads to relation (69). 

Therefore, the theorem is proved. 

I am grateful to professor A.V.Aminova for constant attention to this work and for 
useful discussions. 
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